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The dynamic stability of a spinning unconstrained beam subjected to a pulsating follower
force P

�
#P

�
cos�t is analyzed. A concentrated mass is located at an arbitrary location on

the beam, and the stability of the beam is studied with the mass at various locations. The
beam is analyzed using the Timoshenko-type shear deformation theory with the rotary
inertia. Hamilton's principle is used to derive the equations of motion, and the spinning
speed of the beam with various non-dimensional parameters subjected to a pulsating
follower force is investigated. The "nite element method is applied to analyze the
spinning beam model, and the method of multiple scales is used to investigate the dynamic
stability characteristics. A pulsating follower force is applied, and then the stability regions
are changed with the transitions of the stability area in many regions. The results show that
the concentrated mass increases the dynamic stability of the spinning unconstrained beam
subjected to a thrust. As the spinning speed of the beam is increased, the instability regions
are reduced, but various slight instability regions are additionally developed.

� 2002 Elsevier Science Ltd. All rights reserved.
1. INTRODUCTION

A force can be classi"ed as conservative or non-conservative [1]. Non-conservative force
has been investigated in detail by many researchers. Generally, if the force is dependent on
the motion of the body, then it is called a &&follower force''. Structures under a pulsating
follower force may undergo static instability or dynamic instability. If the two natural
frequencies merge to zero, then static instability occurs. On the other hand, if the two
natural frequencies coincide with each other, then dynamic instability occurs.
Beams, plates and shells subjected to a follower force have been widely investigated in

various researches on the problems of dynamic stability. Beal [2] studied the dynamic
stability of #exible missiles under a constant and pulsating follower force by using the
Euler}Bernoulli beam theory with Galerkin's method of analysis. In his work, it was found
that divergence does not occur before #utter instability. In particular, a pulsating follower
force may change the stability characteristics according to the longitudinal sti!ness of the
missile. Wu [3] studied the relation between the critical load and the eigencurves by using
the "nite element method. In his work, it was found that the magnitude and location of
a concentrated mass can improve the stability characteristics of a missile. Park and Mote
[4] studied the e!ect of a concentrated mass on the critical load and the instability type of
free}free beam subjected to a follower force. In addition, it was found that a concentrated
mass may induce divergence without thrust control and reduce the critical load
substantially. In addition, they predicted the location and magnitude of the mass that could
maximize the critical magnitude of a follower force. Kim and Choo [5] considered the e!ect
of a concentrated mass on the dynamic stability of a free}free beam subjected to a pulsating
0022-460X/02/$35.00 � 2002 Elsevier Science Ltd. All rights reserved.
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follower force. The "nite element method and the method of multiple scales were used to
analyze the time-dependent perturbation of a follower force. Sugiyama et al. [6, 7]
investigated the dynamic stability of a cantilevered column with a rigid-body rocket motor
under a thrust. Numerical and experimental results were shown to verify the importance of
the magnitude and size of the concentrated mass. In addition, the experimental veri"cation
of the e!ect of a follower force on the vibration and stability of cantilevered columns was
studied with consideration to the sub-tangential force produced by a real solid rocket motor
instead of an ideally applied tangential force.
On the other hand, several studies on the dynamic stability of a completely free shell

under a follower force are available in various literatures. Bismarck [8] employed a shell
model to analyze the stability of structures under a follower force. In this work, he dealt
with a shallow shell rather than a cylindrical shell, and treated only a constant load. Park
and Kim [9, 10] investigated the dynamic stability of a completely free}free isotropic
circular cylindrical shell under a follower force. It was shown that the beam-like modes of
the shell under a pulsating follower force have much larger unstable regions than the other
modes. In addition, they showed that the Rayleigh mode and the Love mode a!ect
instability, and that the shell structure can be analyzed with a beam model within only
a certain range of shell dimensions. Lam and Ng [11] investigated the dynamic stability of
a cylindrical shell under a pulsating axial load. Simply supported shells were examined
using the various thin-shell theories for the governing equations, and Bolotin's method was
used for the study of the parametric resonance. In addition, Ng et al. [12] analyzed the
parametric resonance of the spinning cylindrical shell.
Also, the dynamic stability of spinning structures around the longitudinal axis such as

a shaft or an unconstrained beam has been widely investigated. A spinning body has
a stabilizing e!ect against the directional change of the spinning axis. In a rigid body, the
stabilization characteristics increase as the spinning speed is increased. On the other hand,
as the #exibility of the beam is included, the stability region may vary due to the e!ect of
elastic modes. Bauer [13] studied the natural frequency of a spinning Euler}Bernoulli beam
with various boundary conditions. Numerical results showed that the natural frequencies
are linearly increased with the spinning speed. Han and Zu [14], Zu and Han [15] analyzed
the changes in natural frequencies and mode shapes of a spinning Timoshenko beam using
the assumed mode method. It was shown that the same mode shapes occur for both the
cases of forward and backward precession. Lee [16] and Lee et al. [17] studied the e!ect of
spinning on the stability region for the Euler}Bernoulli beam subjected to a pulsating
compressive load. They analyzed howmuch initial curvature and tip mass a!ect the change
of the dynamic instability regions. Wang [18] modelled a rotating space satellite with a long
#exible antenna, and studied the elastic deformations due to the free rotation of a long, thin
and elastic rod with end mass by the bifurcation method. Platus [19], Khadem and Euler
[20] suggested a control of spinning #exible beammodel based on the Euler or Timoshenko
beam theory, respectively. Kar and Sujata [21] dealt with a rotating cantilever beam with
an end mass under a transverse follower parametric excitation. The extended Galerkin
method and the method of multiple scales were employed to observe the in#uences of
system parameters.
In the present study, the dynamic stability of a spinning free}free beam with a

concentrated mass subjected to a pulsating follower force P
�
#P

�
cos�t is analyzed, and

then the e!ects of axial locations of the concentrated mass are studied. Hamilton's principle
is used to derive the equations of motion, and the critical spinning speed of a beam subjected
to a follower force with various non-dimensional parameters is investigated. Finite elements
with C

�
continuity and the method of multiple scales are used to trace the dynamic

instability regions of the beam.



Figure 1. Spinning free}free beam with a concentrated mass subjected to a pulsating follower force.
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2. FORMULATIONS

Figure 1(a) shows a spinning beam of length l with a concentrated massM at x
�
, and the

spinning speed �
�
is de"ned in the body-"xed axis of the beam as shown in Figure 1(b). In

addition, the pulsating follower force P
�
#P

�
cos�t is applied at an angle � with respect to

theZ-axis and at an angle�with respect to the>-axis, and� denotes the driving frequency.
Displacement "elds can be written as

u
�
(x, y, z, t)"!z�(x, t)!y� (x, t), u

�
(x, y, z, t)"v (x, t), u

�
(x, y, z, t)"w (x, t), (1)

where u
�
, u

�
, and u

�
are interpreted as the displacements at an arbitrary point (x, y, z). In

these expressions, � and � are shear angles in the directions of the Z- and >-axis,
respectively, whereas v and w denote the de#ections in the directions of the >- and Z-axis,
respectively.
Using these displacement "elds, strain}displacement relationships can be written as

�
��
(x, y, z, t)"!z�(x, t)

��
!y� (x, t)

��
, �

��
(x, y, z, t)"v(x, t)

��
!�(x, t),

�
��
(x, y, z, t)"w (x, t)

��
!�(x, t), (2)

where �
��
is normal strain in the x direction, and �

��
, �

��
are shear strains in the y,

z directions respectively.
Kinetic energy can be written as

¹"

1

2 �
�

�

�A[vR �#wR �#��
�
(v�#w�)#2�

�
(vwR !wvR )] dx

#

1

2 �
�

�

�I[�� �#�Q �#2��
�
] dx#

1

2
M[vR ��x"x

�
#wR ��x"x

�
]#

1

2
I[�Q ��x"x

�
#�Q ��x"x

�
], (3)
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where � is the mass density per unit volume, A is the cross-sectional area, and I denotes the
second moment of area of the circular cross-section in the y or z direction, respectively. In
addition, the overdot denotes d( )/dt.
Strain energy due to the bending with the shear deformations can be written as

;"

1

2 �
�

�

(�
��

�
��

#	
��

�
��

#	
��

�
��
) d<

"

1

2 �
�

�

EI[��
��

#��
��
] dx#

1

2�
�

�

KGA[(

��

!�)�#(w
��

!�)�] dx, (4)

where ( )
�� is � ( )/�� (�"x or y), K is the shear correction factor, G is the shear modulus

and E is Young's modulus. In addition, EI and KGA denote the bending sti!ness and the
shear sti!ness, respectively.
For a free}free beam, the magnitude of the follower force is distributed linearly in the

neutral line of the beam due to the acceleration, and this is stated in reference [2]. In
addition, as long as the exciting frequency � is small in comparison to the frequency of the
free longitudinal vibration, the e!ect of the longitudinal vibration can be neglected [22].
Following these assumptions, work=

�
due to the pulsating follower force P

�
#P

�
cos�t

in the neutral line can be expressed as follows:

=
�
"

1

2
(P

�
#P

�
cos�t) �

�

�

�Ax#MH(x!x
�
)

�Al#M
(v�

��
#w�

��
) dx, (5)

where

H(x!a)"�
1,

0,

x'a,

x(a.

Virtual work of the non-conservative part of the pulsating follower force is as follows:


=
��

"!(P
�
#P

�
cos�t)� �

���

v!(P

�
#P

�
cos�t)��

���

w. (6)

With these expressions, the equations of motion can be derived by the extended
Hamilton's principle as


 �
t
�

t
�

(¹!;#=
�
) dt#�

t
�

t
�


=
��
dt"0. (7)

3. FINITE ELEMENT METHODS AND THE METHOD OF MULTIPLE SCALES

Applying Hamilton's principle and using the "nite element method, the following
discretized equations of motion are obtained:

[M]�XG �#[G]�XQ �#([K
�
]!�P

�	
[K



])�X�!�P

�	
cos�t[K



]�X�"0, (8)

where

�X�"�v
�
, w

�
, �

�
, �

�2v
�
, w

�
, �

�
, �

�
��, �"P

�
/P

�	
and �"P

�
/P

�	
.

In these equations, [M] is the mass matrix, [G] is the gyroscope matrix due to the
spinning of beam, [K

�
] is the sti!ness matrix due to the deformation of the beam, [K



] is the

sti!ness matrix due to the follower force, and P
�	
is the critical load. In this problem, �XQ � is

the gyroscopic e!ect due to the spinning of the beam.
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Equation (8) can be rewritten as

[M]�XG �#[G]�XQ �#[K
�
]�X�!cos�t[K

�
]�X�"0, (9)

where

[K
�
]"[K

�
]!�P

�	
[K



] and [K

�
]"�P

�	
[K



].

Eigenvalues of these equations are the natural frequencies of the gyroscopic system, and it
is supposed that four rigid-body modes (translation with respect to > and Z directions,
spinning with respect to z or y directions) can be controlled by the proper control
equipment.
Equation (9) can be rewritten as follows by using the state vector �>� as in reference

[16]:

�>Q �#[K]�>�"cos�t[F
�
]�>�, (10)

where

�>�"�XQ ,X��,

[K]"�
M��G

I

M��K
�

0 � and [F
�
]"�

0

0

M��K
�

0 �.
If the system is dynamically stable, then the eigenvalues of these equations consist of

conjugate pairs of pure imaginary numbers.
Equation (10) can be normalized using the modal matrix [P] and transformed to the

following form:

[I]��� �#[�]���"cos�t[F]��� (11)

where

�>�"[P]���,

[�]"[P��][K][P] and [F]"[P��][F
�
].

In addition, [�]
�
denotes the ith pair of [�] so that

[�]
�
"�

0,

!�
�
,

�
�
0 �. (12)

The transformed state vectors are introduced as follows:

���"��
�
, �

�
, �

�
, �

�
,2, �

�
, �

�
�� where m"4n. (13)

The following equations are derived by the substitution of equation (13) into equation (11),
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������
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������
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) cos�t, (14)

where f
���
is the component of [F].
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To determine the boundaries of �
�
and �

�
for the instability regions, the method of

multiple scales is used as in reference [23],
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(¹

�
, ¹

�
, ¹
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where �("!�/2) is the perturbation parameter.
Through "rst order approximation, i.e., by considering only the "rst two terms in

equation (15), the transition curves that separate stable solutions from unstable ones in the
�}� plane can be de"ned.
Results can be summarized as follows.
Boundary of the summed-type combination resonance,

�"�
�
#�

�
$��4�

��
�M

��
. (16a)

Boundary of the di!erence-type combination resonance,

�"�
�
!�

�
$��4�

��
�M

��
, (16b)

where �
��
and �M

��
are de"ned as

�
��

"�
�
[( f

�������
#f

�������
)#i( f

���������
#f

�����
)],

�M
��

"�
�
[( f

�������
#f

�������
)#i( f

���������
#f

�����
)].

From equations (16a) and (16b), it is easily seen that the summed-type and di!erence-type
combination resonances cannot exist simultaneously for any pair of natural frequencies
�

�
and �

�
.

4. RESULTS AND DISCUSSIONS

The non-dimensional parameters are de"ned as

Q
�
"

P
�
l�

EI
(constant part of the follower force),

Q
�
"

P
�
l�

EI
(pulsating part of the follower force),

S"

KGAl�

EI
(shear deformation parameter),

R"

I

Al�
(rotary inertia parameter),

�M �"

�Al���

EI
(driving frequency of the pulsating follower force),

�� �"

�Al���

EI
(natural frequency of the beam),

�� �
�
"

�Al���
�

EI
(spinning rate of the beam),



TABLE 1

Comparison of magnitudes of critical follower force

S"10� S"10�

MM "0
IM "0

MM "0)2
IM "0

MM "0)2
IM "10��

MM "0
IM "0

MM "0)2
I"0

MM "0)2
IM "10��

Present 111)5 184)6 181)2 103)2 162)9 161)2
Reference [5] 111)4 181)6 177)9 102)4 161)4 159)4

Figure 2. E!ect of follower forces on a free}free Timoshenko beam.
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MM "

M

�Al
(mass ratio between concentrated mass and beam),

�"

x
�
l
(location of concentrated mass relative to the length l ).

4.1. CODE VERIFICATION

Numerical studies are performed by using the 20 three-node Lagrange elements. Validity
of the numerical results in this study is checked, by comparing the critical follower force
with the results of the reference. Table 1 summarizes the magnitude of the critical follower
force of a free}free beam compared with those of the results in reference [5]. In the case of
S"10�, where a concentrated mass is considered, 1% error of the maximum di!erence is
observed. When S"10�, 2)7% error in the maximum di!erence is observed. These results
indicate the validity of the code in the present study. Figure 2 shows the results for the
numerical analysis of the non-dimensional natural frequency of the free}free Timoshenko
beam subjected to a follower force. As shown in the "gure, the results are shown to coincide
with reference [24].



Figure 3. Eigenvalues of the spinning free}free Timoshenko beam subjected to a constant follower force.
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4.2. EFFECT OF SPINNING SPEED

Now, consider the e!ect of spinning on the longitudinal axis of the beam subjected to
a constant follower force. Figure 3 shows the eigenvalue curves of the beam for the case
where the non-dimensional spinning speeds �

�
are 0, 10 and 20. The results indicate that the

spinning speed does not change the critical value of the follower force, but does change the
natural frequencies and mode shapes due to the forward and backward precession. In
addition, precession results in the separation of the vibration modes can be seen in this
"gure. In general, spinning of a body contributes to the stability of a rigid-body
mode, but it changes the instability region of the elastic mode. This is because the spinning
speed does not a!ect the stability of the beam under the critical load, but it changes the
eigenvalues and mode shapes. The case where P

�
/P

�	
("�) equals 0)5 for Figures 4}6 is

considered.
Figure 4 shows parametric instability regions of the spinning beam subjected to

a pulsating follower force. Non-dimensional spinning speeds of the beam are chosen as 0, 10
and 20. In addition, the non-dimensional shear deformation parameter is chosen as 10� and
the non-dimensional rotary inertia parameter R as 10��. Figure 4(a) indicates the
parametric instability regions where �

�
equals to zero. In addition, this

case indicates that the non-dimensional shear deformation parameter S is equal to 10� in
Figure 3. The instability regions near 2�

�
, �

�
!�

�
, 2�

�
and �

�
!�

�
appear relatively

wide, as indicated in reference [5]. As the spinning speed of the beam is increased,
the instability region is reduced, that is &&stabilized'', as seen in Figure 4(b). As the
spinning speed of the beam is increased, the tendency to stabilize becomes more apparent.
The results for the case where the non-dimensional spinning speed is equal to 20 are
omitted.

4.3. EFFECT OF ROTARY INERTIA AND SHEAR DEFORMATION

Figure 5 depicts the parametric instability regions of the spinning beam subjected to
pulsating follower force. As the non-dimensional shear deformation parameter 10� is used,



Figure 4. Parametric instability regions of the spinning beam subjected to a pulsating follower force. (a) ��
�
"0;

(b) ��
�
"10.
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and the non-dimensional rotary inertia parameter is set to zero. As shown in Figure 5(a), for
the case in which the non-dimensional spinning speed is 10, the instability regions near
�

�
!�

�
and 2�

�
are wider than the other cases. For the case, where the non-dimensional

spinning speed is 20, the instability regions near 2�
�
and �

�
#�

�
is wider than the other

instability regions, and the instability region is decreased as compared with Figure 5(a). As
a result, the spinning speed of the beam is increased and the instability regions are reduced,
but various instability areas are additionally developed.

4.4. EFFECT OF A CONCENTRATED MASS

In Figure 6, the e!ect of the location of the concentrated mass on the dynamic instability
is shown. As the non-dimensional shear deformation parameter 10� is used, and the non-
dimensional rotary inertia parameter is set to 10��. In addition, the mass ratio between the
concentrated mass and beam (MM ) is 0)2, and the non-dimensional spinning speed (�

�
) is 20.



Figure 5. Parametric instability regions of the spinning beam subjected to a pulsating follower force for S"10�
and R"0. (a) ��

�
"10; (b) ��

�
"20.
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An instability region is observed to appear around 2�
�
regardless of the location of the

mass. On the other hand, other types of combination resonances are very sensitive to the
location of the concentratedmass. Figure 7 describes the e!ect of the concentratedmass and
shows the slope of the instability region near 2�

�
. It is easily seen that the larger the

concentrated mass, the smaller the instability region. In other words, the system becomes
more stable as the mass ratio is increased. In addition, Figure 8 shows the e!ect of the
spinning speed of the beam. As the spinning speed is increased, the unstable characteristics
are reduced. The dependency of the Q

�	
at instability upon the massM and its location � is

summarized in Figure 9. For �(0)4, the force at instability is decreased by addition of
concentrated mass, and conversely for �'0)4, the critical force is increased by the addition
of concentrated mass. Positioning the concentrated mass as close as possible to the thrust
maximizes the stability e!ect.



Figure 6. Parametric instability regions of the spinning beam with a concentrated mass subjected to a pulsating
follower force for S"10�, R"0 and �"0)3.

Figure 7. E!ect of concentrated mass on the beam subjected to a pulsating follower force for S"10� and
R"3�10��.
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5. CONCLUSION

The dynamic stability of a spinning unconstrained beam is investigated with
a concentrated mass subjected to a pulsating follower force. The spinning beam is modelled
with the Timoshenko beam theory, and the pulsating follower force is assumed to be
P
�
#P

�
cos�t. The equations of motion are discretized by the "nite element method, and

themethod of multiple scales is used to study the dynamic instability characteristics. Results
of the analysis of the present study can be summarized as follows:

(1) The critical load of a free}free beam under a constant follower force is not a!ected by
the spinning motion, but the natural frequency is changed.



Figure 8. E!ect of concentrated mass on the spinning beam subjected to a pulsating follower force for S"10�
and R"3�10��. (a) 2�

�
; (b) 2�

�
.
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(2) The case where a pulsating follower force is applied on the spinning beam, shows
instability regions, and area transitions in various regions. The reason for this is that
the natural frequency characteristics change due to the spinning of the beam. For the
spinning speed of the beam is increased, the instability areas of the regions are
reduced, but various slight instability regions are additionally developed.

(3) The critical load Q
�	
is changed as the rotary inertia and shear deformation are

changed. The critical load is changed more rapidly with the change of shear
deformation than with the change of rotary inertia. This means that shear
deformation, than the rotary inertia, has more e!ect on the dynamic stability
characteristics.

(4) The concentrated mass shows the stabilizing e!ect with decrease of the dynamic
instability regions. The magnitude of the critical follower force is decreased
(increased) monotonically, and almost linearly with the addition of concentrated
mass at location �(0)4 (�'0)4). In addition, the thrust force can be maximized
when the concentrated mass is positioned at the location of the thrust of the beam,
�"1.



Figure 9. Force at instability of the spinning beam with a concentrated mass subjected to pulsating follower
force for S"10� and R"3�10��.
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